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Abstract 



Here we establish a global well-posedness of mild solutions to the three- 
dimensional incompressible Navier-Stokes equations if the initial data are in the 
space X~ l defined by (1.3) and if the norms of the initial data in X~ l are bounded 
exactly by the viscosity coefficient \i. 
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^ 1 The Result 

> 

The incompressible Navier-Stokes equations in 



x K J are: 

d t v + v ■ Vv + S/p = jjAv, t > 0, x E M 3 , 
V"u = 0, t>0,xeR 3 , 



;i-i) 



where v is the velocity field of the fluid, p is the pressure and the constant n is the 
viscosity. To solve the Navier-Stokes equations ( II .ip in M + x M. 3 , one assumes that the 
/S . initial data 

v(0,x) = v (x) (1.2) 

are divergent free and possess certain regularity. 

The global existence of weak solutions goes back to Leray [9] and Hopf jBJ. The 
global well-posedness of strong solutions for small initial data is due to Fujita and Kato 
[I] (see also Chemin |2j) in the Sobolev spaces FT, s > ~, Kato [7] in the Lebesgue 
space L 3 (M 3 ), and Koch and Tataru jH] in the space BMO -1 (see also [1] and [II]). It 
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should be noted, in all these works, that the norms in corresponding spaces of the initial 
data are assumed to be very small, say they are smaller than the viscosity coefficient 
\i multiplied by a tiny positive constant e. 

In this note, we shall prove a new global well-posedness result for the three- 
dimensional incompressible Navier-Stokes equations. Our mild solutions will be in 
a scale-invariant function space which is natural with respect to the scalings of the 
Navier-Stokes equations. Moreover, we show that it is sufficient to assume the norms 
of the initial data to be less than the viscosity coefficient //. The function space we will 
use here is 

X- 1 = {fe V'(R 3 ) : f leH/lde < oo}. (1.3) 

Here T>'(R?) represents the space of distributions and / represents the Fourier transform 
of /. The norm of X~ x will be denoted by || • Ha— 1 - We will also use the notation 



X 1 = {/ G V\R 3 ) : / |£||7k<oo}. 



The norm of X 1 is denoted by || • ||^i. 

Theorem 1.1. The three-dimensional incompressible Navier-Stokes equation (11.11) is 
well-posed globally in time for the initial data in X~ l satisfying 

IKIU-i < At- (1-4) 

Moreover, the solution v is in C(M + ; X^ 1 ) f| L 1 (R + ; X 1 ) and satisfies 

sup (\\v(t)\\ x -i. + (fj. - \\v \\ x -i) \\Vv(T)\\ L oodr) < \\v \\ x -i. 

0<«oo v Jo J 

Let us remark that the space BMO~ x is the largest space which is included in 
the tempered distribution and translation and scaling invariant, (see, for instance, the 
paper by Chemin and Gallagher [3]). Our space X' 1 is contained in BMO~ x . In 
fact, for each / G X~\ write / = V • (VA" 1 /)- It is clear that ||VA _1 /IIbmo < 
UVA-VIU- < JlCr 1 !/]^ = ll/IU-i- Hence, by Theorem 1 in jg], one has / G 
BMO' 1 . Let us also mention the classical example of the initial data given in [3] 

Uq(x) = - cos — (d 2 4>, —di4>, 0) T . 

Due to Lemma 3.1 in [3J, it is easy to see that ||ii ll A"- 1 is uniformly bounded indepen- 
dent of e. 

It is not hard to see that if the initial data are in the Sobolev space H s , s > |, then 
they are also in the space X^ 1 . However, this turns out to be false for s = |. An easy 
counterexample is given as follows: Let / be a non-negative function in the Schwartz 



class iS(M 3 ) which is supported in the set {£ e M 3 : 1 < |£| < 2}. Consider g which is 
defined by 

It is clear that g £ Hz but 

7 ^^ 



klU-x = E / — /(2-^R = H/llii E - = °°- 



2 Proof of Theorem 

Let ( be the standard mollifier in R 3 : ( E Cg°, < ( < 1, f ((x)dx = 1. For A > 0, 
let C A (aO = A~ 3 C(A -1 x) and ^ = C A * ^o- For w G Af -1 , since |((£)| < f ((x)dx = 1, 
one has 

' k A iu-i = / ierVo(onc(Aoi^ < ikiu-*, 

l«olU<- < / l£HC(AOH£rVo(OK < C x \\vo\\ x -i. 

Consequently, by the standard local existence theory of the Navier-Stokes equations, 
there exists a unique local smooth solution v x (t, x) on some time internal [0,T\). The 
associated pressure p x is given by p x = (R <S> R) '■ (v <8> v) with R being the Riesz 
operator (see, for instance, [5]). 

We need to derive an a priori estimate under the condition (jl.4p . First of all, it is 
easy to see that 



|v A IU-i 



/ ierV A K+/ ier 2 i\/=£ A i^<cii^n^ (2.2) 

./|£l<l ^l£l>l 



and 



X ||v A (t)|Uidt= / " / \tMd£dt (2.3) 

Jo J\t\<i 

+ fl \£\- 2 \V^A 3 v x \d£dt <C f " ||v A ||^3rfs. 

Hence, one has v x G L°°(0, T\\ X~ x ) fl L 1 (0, I\; Af 1 ) (without uniform norms bound in 
A). Next, let us take the Fourier transform of (II. ip to get 

d t v x — i j v x (r/) <g> v x (£ — r])dr] ■ £ — i£p x + fi\£ > \ 2 v x , 

. ' (2-4) 

£-v x = 0. 



From ([23]), (E2D and O, we deduce that 

ft/ier'Mde+^/ieiHde (2-5) 



i // ([^(17). 1^(01-^(0]^ -17) 



- [v x (v) ■ i^(e)rv(o]^ A (e - »/)j • lerwe 

< / / |zT A (??)|| ^(£-77)^7/*; 



<\ I I (l^r^-^l-H^IIC-^l- 1 )!^)!!^-^!^^ 




< f \i\- l \v\mi f \i\\v\i)\di- 



By (jl.4p and (j2.2p . we see that ||v A (t)|| A >-i < /i at least for a very short time internal 
[0, 5} with < 5 < T\. Consequently, on such a time internal, one has 

<9t||v A ||;t- 1 < 0, hence ||f A ||;t'- 1 < ||i>o||a'- 1 < /J- 
A continuity argument in the time variable yields that 

\\v X (t)\\ x -, < \\vq\\ X -i <li 

for all t G [0,T\). We then apply ( 12.51) once more to derive that 

\\v x (t)\\ x -i + (fx-\\v o y-i) [ ||u A (s)||*ids<|h|U-i, forallte[0,T A ). (2.6) 

Jo 

As a bi-product of (12.61) . one obtains that 

" ll Vv x (t)\\ L o C dt < f " \\v x (t)\\ x idt < l^ 011 ^" 1 



'o Jo V - \\Vo\\x-i 

The standard energy method ( [10J ) gives that 

pT x II || 

\\v X {t)\\ H k < \\v \\ H k.exp{c k / \\Vv x (s)\\ L ^ds} < \\v \\ H k exp { fc ° * } 

for all < t < T\ and all k > 0. The latter implies that 7\ — oo. Moreover, one has 
the uniform estimate for v x : 

sup (\\v x (t)\\x-i + (/i- ||«o|U-i) / lk A |Uids) < ||u |U-i, (2-7) 

0<«oo \ JO 7 

under the condition ( 11. 4ft . 



The estimate ( 12. 7p implies that there exists a subsequence of {v x } (we will still 
denote it by {v x }) such that, as A — > 0, 



v 



A v v i n L l (R + ; X 1 ), v x -± v weakly* in L°°(R + ; X' 1 ) (2.8) 



for some 

^r(i + ;r 1 )ni 1 (R +; ^ 1 ). (2.9) 

For the initial data, we note that 



J\S\<M 
\&>M 

<2 sup ic(»7)-i|/ i?rVo(oi^+2/ ierVo(e)ic 

M<AM ./|£|<M •/|^|>M 

By taking M = A~2 , and using the identity £(0) = / ((x)dx = 1, one concludes that 

|| fo -^o|U-i ^0 asA->0. (2.10) 

To show the strong convergence of v x , we proceed similarly as in ( 12. 5 j) to calculate 

that 

9* [ Itl' 1 ^ 1 - v^ldt + n f \£\\v>* - v**\d£ 

< // (|t> Al (?7)| + |f A2 (r/)|)|v Al (£ -r/) - v X2 (£- rj)\dr)d£ 

< I If {Ivl-^-vl + lvW^-vl- 1 ) 

x (|f Al (?])| + \v X2 (r])\)\v Xl (£ -77) -i> A2 (£- r])\dr]di 
<\{\\v Xl \\ X -i + \\v Xl \\ x -i)\\v^-v Xl \\ x i 

H-^di^iUi + n^iuoii^-^iu-!- 

Combining the above with ( 12.7ft , we obtain that 

d t I ier V 1 - ^ 2 K +(ti- ikiu-O / leii^ 1 - ^ 2 K 

< ^(II^IU 1 + II^IUOll^ 1 - v Ai ||at-i. 

The latter implies further that 

\\v*(t)-v*(t)\\x-* < H^-^IU-expl^J^}, 
0" " IMI*-) Jo 00 ll« Al - ^11*^ < ll-o 1 " ttfl*-* exp {^f^}. 
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Combining ( I2.1(jp and (12. lip , we conclude that {v A } is a Cauchy sequence in L°°(R + ; X~ l )\~\ 
L 1 (IR + ; X 1 ) and the convergence in (12.81) is a strong one. In fact, (12.111) also yields the 
uniqueness of solutions in the space L°°(R + ; X~ l ) n L 1 (M + ; X 1 ) under the assumption 

dLU). 

To get the further time regularity of v(t,x), we come back to the equation ( 12.41) . 
We claim that d t v x, s are uniformly bounded in L 1 (IR + ; X^ 1 ). Indeed, by ( 12.71) . it is 
obvious that Av x are uniformly bounded in L 1 (IR + ; X^ 1 ). Moreover, as calculated in 
(12. 5p . one has 

J J \v\ V )\\v^ - V )\dtd V dt 

t 

All . II„.A|| . j+ ^ „ — IL.A/+MI . II„.A| 



< / \\V X h-A\A\xidt<SUv\\v\t)\\ X -i\\v X \\ L x {X iy 

Jo t 

The pressures can be treated by the same way. We hence proved the claim 

Va'^r 1 ), ||^ A IUi(^)<c |KIU-i(n-lklU-i). (2.12) 

The latter allows us to improve (I2.9p and to finally conclude 

(j6C(M + ;r 1 )nI 1 (R + ;/), d t v e L\R + ; X' 1 ). (2.13) 

Remark 2.1. Let us remark that a similar estimate as ( 12.51) also implies a type of 
Beale-Kato-Majda's criterion of Navier-Stokes equations: if 

f f \Q(Z)\d£dt < oo, 
then a smooth solution on [0, T) can be extended to [0, T + 5) for some 5 > 0. In fact, 



dtj \mv\d£ + vj \Z\ s+2 \v\dt < j j \^ +1 \v^)\\v^-v)\dr]dC. 
Noting v = A _1 curkv and taking s — — 1 and 0, one gets that 

\\v{t)\\ x -i < ||u |U-iexp{ / / \u(£)\d£ds} < ex) 

and 

||^(£)IU < IkolU ex P {2 / / \Lu(£,)\d!;ds} < oo 

for all < t < T. Then for s > one has 

dt /|£ra^ + /i [ \Z\ s+2 \v\dt < ff \Z\ s+1 \v(v)\\v(Z - V)\dvd£ 

J J J J\i\<M 3 

+ e s [[ (1 + M s+2 + 1^ - V\ s+2 )v(v)\\v(t ~ V)\dvd£ 

J J\£\>M a 



< (M s s +i + e s )\\v\\ x -i\\v\\ x i + 



2e s J \v\dC J \C\ s+2 \v(0\d^ 



Here e s > is a small constant such that 2e s f \€o\d£exp{2 f J |cD(£)|d£dt} < fj, which 
implies 2e s j \v\d^ < /J,. Then M s > 1 is chosen to be a large constant such that 
|£| s+1 < £ s (l + \v\ s+2 +\£-v\ s+2 ) for ICI > M s- Consequently, one has ||u(t)||c« < oo. We 
emphasis that the bounds of ||f||c s are only one exponential in terms of f Q f \u)(£)\d£dt. 
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